The mathematical model of the equivalent circuit of a brushless DC motor switches during the operation due to commutation. This issue causes a sudden ripple in the output torque, which is called commutation torque ripple.
Introduction
Use of permanent magnet motors (PMMs) is increasing gradually due to their advantages such as efficiency, higher power density, higher torque density, and reliability. PMMs are especially preferred for applications requiring large and smooth torque output, light weight, small size, and quick response in areas including robotics, home appliances, and medical and military applications.
PMMs may be taken into consideration as two main groups: permanent magnet synchronous motors (PMSMs) and brushless direct current motors (BLDCMs). The main difference between them is the form of the ideal back-electromotive force (emf) signals, which are sinusoidal in PMSMs and trapezoidal in BLDCMs. Thus, PMSMs are driven by sinusoidal phase currents while BLDCMs require square-wave-like phase currents for ripple-free output torque. Having a simpler drive scheme compared to that for PMSMs is the main advantage of BLDCMs. However, this simplicity introduces probably the worst drawback to BLDCM drives, namely commutation torque ripple. Commutation torque ripple is caused by the fact that the phase currents cannot have ideal rectangular shape, although phase back-emf signals are assumed to be trapezoidal. This kind of torque ripple restricts the application area of BLDCMs especially for applications requiring high performance and smooth torque output.
Back-emf signals are assumed to be trapezoidal with 120
• difference between phases in many studies concerning the reduction of commutation torque ripple [1] [2] [3] [4] [5] [6] [7] [8] [9] . In this case, outgoing phase back-emf starts * Correspondence: turker@yildiz.edu.tr decaying at the beginning of the commutation period. However, back-emf signals of incoming and outgoing phases are assumed to be constant during the commutation period in many works [4] [5] [6] [7] [8] [9] due to the short duration of the commutation period. This assumption allows analytical analysis of the commutation period and commutation torque ripple [6] [7] [8] [9] . The analytical analysis with the aforementioned assumptions asserts that if slew rates of incoming and outgoing currents are inversely identical, commutation torque ripple is eliminated. Accordingly, various PWM modification techniques are proposed in the literature in order to achieve equal slew rates for incoming and outgoing currents. A detailed analysis of commutation torque ripple is carried out in [8] , and three different methods are implemented to eliminate commutation torque ripple after the desired phase current trajectories are obtained. In [4] , the modification of PWM signal is performed by dividing a switching period into three segments where each has its own role in eliminating commutation torque ripple. Similarly, Salah et al. [7] propose another modified PWM approach in which PWM duties are computed for conduction and commutation periods and for high and low speeds separately. The duration of the commutation period is a key parameter in such approaches and it has to be known precisely to provide equal slew rates. A circuit is designed and utilized in [5] for the calculation of commutation time; then a modification of PWM is implemented to reduce commutation torque ripple. It is worth mentioning that PWM duty ratio is computed directly as a result of analytical analysis in these works, and hence the control structure becomes fragile. As a matter of fact, the proposed PWM modification methods are highly sensitive to parametric uncertainties in the model parameters, unmodelled dynamics, and disturbances.
On the other hand, commutation torque ripple reduction methods are also proposed for BLDCMs with nonideal back-emfs. In this case, back-emf signals are measured either before or during the operation. Then this information is utilized in the control structure. Similar to the ideal back-emf case, it is possible to calculate the settling time of incoming and outgoing currents approximately [10] , so that PWM duty for the reduction of commutation torque ripple can be determined. A detailed analysis of commutation torque ripple for nonideal back-emf case is carried out in [11] . In addition, the effect of commutation angle error on commutation torque ripple caused by misalignment of Hall effect sensors is examined and a method is proposed to reduce this effect.
Apart from the aforementioned methodologies, various controller types are also implemented to reduce commutation torque ripple in BLDCM drives. The dead-beat controller is applied to reduce commutation torque ripple in BLDCM drives with nonideal back-emfs [12] . Since all the model parameters are required to apply the dead-beat controller, a priori knowledge on phase back-emf signals is provided in the study. In order to apply the optimal switching state for the reduction of commutation torque ripple, a finite state model predictive controller is proposed [9] . However, the BLDCM model is considered to be known exactly in this model predictive control approach, which is usually not possible. Despite the variable switching frequency, direct torque control is another advantageous approach for torque ripple reduction in BLDCM drives [3, 13] .
Particularly, a direct torque control approach is applied via a four-switch inverter in [13] . Another method proposed for the reduction of commutation torque ripple in BLDCM drives is to regulate DC link voltage of the inverter instead of applying PWM signals to the switches for chopping [11, 14] . This method provides good results in some cases, but it requires an additional circuit in the drive. Recently, an interesting method regulating output torque by controlling the input energy is presented in [15] . Although the exact model is not required, efficiency of the drive has to be known precisely and sensitive numerical integration of measured quantities plays an important role in that work. On the other hand, since the switching between conduction and commutation periods may occur at any point in a PWM period, a time lag exists between the beginning point of commutation and the following PWM period. This time lag is called commutation delay and it has a significant adverse effect on commutation torque ripple. Minimization of this effect is provided by a hybrid combination of PWM switching and adjustable DC link voltage methods in [16] . This paper aims to reduce commutation torque ripple in BLDCM drives. Specifically, two different controllers are designed based on the dead-beat structure to be switched between conduction and commutation regions. Not only nonideal back-emf signals are considered, but also the variation of back-emf signals in the commutation period is accounted in the controllers. Effect of the commutation delay is addressed in detail and a model-based prediction approach is introduced to reduce this effect. Particularly, the beginning and end points of commutation are predicted according to a dead-beat prediction algorithm. Then this information is utilized to modify PWM duty ratios for the PWM periods common for conduction and commutation periods. The switched controller accounting in all the model properties of the BLDCM drive combined with the commutation delay compensation is the main contribution of this study. In order to validate the performance of the proposed controller, experimental studies are performed and the results show that the proposed method has a significant effect on suppressing commutation torque ripple. Figure 1 depicts the equivalent circuit of the BLDCM drive considered in this study. It is assumed that the mutual inductance for each winding and the neutral voltage is zero. In addition, resistance and inductance values of three phases are considered equal in the mathematical model. Thus, the electrical model of the BLDCM drive can be obtained as [17] 
Mathematical model of BLDCM drive
where T l is the load torque, and J and ω are moment of inertia and angular velocity of the rotor, respectively. Torque produced by electrical power is denoted by T e and its mathematical expression is given by
Phase back-emf signals are not assumed to be ideal in this study. Amplitudes of back-emfs are considered to be proportional to the rotor speed. Expressions for back-emfs in terms of rotor speed can be given by
, and e c (θ e ) = f c (θ e )ω , where f a , f b , and f c are auxiliary functions having the same waveform as corresponding back-emfs and θ e is the electrical rotor angle. Hence, (3) can be modified as
On the other hand, the form of the desired phase currents is determined accordingly to obtain a smooth output torque. Change in normalized back-emf signals measured offline and desired phase currents scaled for a particular level of torque output are illustrated in Figure 2 . Utilizing Euler approximation, the difference equations for the electrical model of the BLDCM drive can be obtained as
considering the rotor speed is fixed between two sampling instances with α ∈ {a, b, c} , where T p denotes sampling period and k = 0, 1, 2, . . . is the number of sampling instant.
Reduction of commutation torque ripple

A brief analysis of BLDCM drives and generalized difference equations
The BLDCM drive is analyzed briefly in this section and interested readers are referred to [6] [7] [8] [9] for details. A BLDCM drive has two distinct working regions, namely conduction and commutation periods. In a conduction period only two phases conduct to provide the desired phase currents. On the other hand, a commutation occurs for every 60
• electrical degrees and all three phases conduct in a commutation period. One phase of the motor is connected to the supply while another is separated from the supply at the beginning of a commutation period. These phases are called incoming and outgoing phases, respectively. The third phase, whose connection is not changed, is said to be the uncommutated phase. A commutation period continues until the outgoing current reaches zero. Outgoing current flows through the inverse parallel diodes and hence it is not possible to reduce the duration of the commutation period. Since the derivative of the outgoing current mainly depends on the amplitude of the back-emfs, low and high speed regions are considered separately in many studies [7] . A commutation period followed by a conduction period is repeated for every 60
• electrical degrees, which is defined as a sector. When a commutation occurs, the desired current waveforms for two commutated phases change suddenly (see Figure 2) . However, it is clear that the current of a phase cannot be changed suddenly due to the phase inductors. After the occurrence of a commutation, it takes time for the outgoing current to decay to zero, which is called the commutation period. This period leads to a sudden ripple in the torque, which is called commutation torque ripple.
Even though the commutation period cannot be shortened, the aim is to make incoming and outgoing currents track the best possible trajectories for the reduced commutation torque ripple. As a result of that, uncommutated current is controlled for tracking the desired waveform during the commutation. In this manner, conduction and commutation periods are taken into account separately in order to provide the desired uncommutated current. After expressing the mathematical model of both working regions, two different controllers are designed that are switched during the operation. The difference equations of phase currents given in (5) can be organized as
for commutation periods where α , β , γ stand for the phase indices (α, β, γ ∈ {a, b, c}, α ̸ = β ̸ = γ ), and v xy (e xy ) is the line to line voltage (induced emf) between the phases x and y (x, y ∈ {α, β, γ}, x ̸ = y ). Furthermore, considering that α , β , and γ represent uncommutated, incoming, and outgoing phases, respectively, Eq. (6) can be rewritten as
Here v * is regarded as the control input and v γ is a constant with a sign depending on the direction of the outgoing current since this phase is connected to the supply via a free-wheeling diode. On the other hand, the following discrete-time approximation of the dynamical equations is valid for the phase currents in conduction periods:
Note that it is considered in this paper that there are two active phases in conduction periods. The current of the third phase vanishes at the end of the commutation period and then stays at zero until the next commutation.
Controller design
Note that the form of the output torque given in (4) depends on the form of phase currents and corresponding back-emfs. Therefore, the errors between phase currents and their desired signals have to be minimized in order to obtain a smooth output torque. One way to achieve that is to control the uncommutated current during the operation, which is aimed in this study. The mathematical models for conduction and commutation periods are given in (7) and (8) . It is worth mentioning at this point that the switch between the mathematical models of BLDCM during the operation has to be taken into account by the controller. Otherwise the commutation torque ripple may not be mitigated effectively. Thus, two different controllers are designed for conduction and commutation periods separately, and they are switched during the operation.
Let i * (k) be the reference current value for k th time instance regarding the desired output torque, and
define the current error. Taking the difference equations given in (7) and (8) into account, one can obtain error difference equations for conduction and commutation periods as
with
The designed controller regulating the phase current is given by
with the assumption that i * (k + 1) is known for all k and with ξ(k) to be assigned. Note that placing (12) into (10) gives
and hence v * (k) given in (12) becomes the dead-beat controller when ξ(k) = 0 is satisfied. However, the fragility of the dead-beat controller to model uncertainties and measurement noises is a well-known issue. Moreover, the positive effect of the integral action is also well known to be a practical solution for the application drawbacks such as steady-state errors. In order to attenuate the undesired effect of the uncertainties, the integral action is added to the controller exploiting ξ(k). In this manner, ξ(k) is assigned as follows:
Compensation of commutation delay
The reference phase voltage for the current regulation or reference signal tracking is given in (12) . However, the computed reference voltage is not applied directly to the phase coils in a practical application. Instead, the equivalent voltage is generated by the utilization of a PWM signal with a fixed frequency. PWM duty is computed and sent before the corresponding PWM period begins. Hence the applied signal is determined for either a conduction or commutation period. Therefore, the reference voltage for a conduction (commutation) period may also be applied in a commutation (conduction) period since the beginning (end) of a commutation may occur at any point in a PWM period. For instance, after the reference voltage is determined by (12) for a conduction period, let the application of the equivalent control signal be started utilizing PWM. If the commutation occurs in the same PWM period, then the control signal computed for conduction is applied also in the commutation period since PWM duty is fixed until the next PWM period. This issue is illustrated in Figure 3 . The phase voltage determined for the conduction period before the (k + 1) st period is applied until the next period even though the model is changed by the commutation between (k + 1) st and (k + 2) nd periods.
Similarly, the control signal applied in the (k + 4)th PWM period cannot be modified until the next period, although the commutation ends between the (k + 4)th and (k + 5) th periods. The term mixed period is used for the PWM periods in which the model switches from conduction to commutation or vice versa. Note that two mixed periods may occur in a sector. This inconvenient situation causes undesired ripples in the phase currents especially at the beginning and at the end of commutation periods. Therefore, the output torque is also affected by mixed periods negatively. In order to attenuate this effect, a weighting average of the control signals determined for both conduction and commutation models can be used. However, the beginning and ending points of a commutation period have to be known precisely to compute the weighting average. If this information can be obtained, then one can determine the contributions of the conduction and the commutation periods in the mixed period, and the modified PWM duty can be computed for the mixed period accordingly.
In order to predict the time to the next commutation period, the following equation is utilized assuming the rotor speed is constant between two time instants:
where the constant θ ec is the electrical angle for the beginning of the commutation, P is the number of pole pairs and T c is the time duration to the next commutation. Moreover, the intensity of the commutation period in a mixed period can be determined as
for the beginning of the commutation period, where T p denotes the PWM period.
On the other hand, the time remaining for the end point of the commutation period can also be computed utilizing the current dynamics. Note that the difference equation for the outgoing current, say i γ , can be obtained from (6) as
Moreover, since the commutation period ends when the outgoing current reaches zero, (18) can be derived, where T u denotes the duration for the end of the commutation period. Similar to the beginning of the commutation period, one can obtain the intensity of the commutation period in such a mixed period as The aforementioned predictive computations permit one to specify a possible upcoming mixed period. Moreover, the ratio of the time duration between the commutation period and the PWM period can also be determined by these computations. Let v * c and v * u be defined as the reference voltages obtained by (12) for commutation and conduction periods, respectively. Then the reference voltage for a mixed period can be obtained as
Consequently, the proposed controller consists of three different switched signals given in (12) with (14) and (20) to be implemented in conduction, commutation, and mixed periods.
Experimental results
A 75-W BLDCM with 2 pole pairs and 24-V rated voltage has been used to test the viability of the proposed control method. Stator resistance and inductance values of the tested motor for each phase are 0.58Ω and 2.5 mH, respectively. In order to fix the rotor speed, a 125-W PMSM has been attached to the test motor. A 500-ppr incremental encoder with 2 channels has been utilized to obtain rotor position and rotor speed. Measurement or computation delays are inevitable in practical applications in discrete time. Combined with PWM switching, delays affect the operation in motor drives adversely. Note that there are components for k th time instance in the control signal given in (12), but it is not possible to obtain the measurements, to compute the control signal, or to send it for generating PWM signal instantaneously for k th time instance. Hence, the values of the signals used in the controller have to be known before a necessary amount of time from k th time instance. In this manner, the dead-beat prediction scheme is utilized to approximate the signal values for the beginning of the next PWM period (see [18] for details). All the signals with measurement delay are predicted during the operation.
Various experiments under different working regions have been performed in order to test the proposed control structure under different conditions. In particular, experimental studies for 0. Figure 5 ), which can be caused by the starting point of the commutation in a sampling period. It is worth mentioning that the proposed controller has no difference from the switched controller if the switch occurs around a point when sampling period begins. To present the effectiveness of the proposed controller further, numerical values for maximum error on the output torque and RMS value of the output torque error are given in Table 1 and Table 2 . Numerical results show that the performance is improved with the proposed controller compared to the others for each working condition. 
Conclusion
A discrete-time switched controller has been proposed to reduce the commutation torque ripple in BLDCM drives. In addition, a novel method has been introduced to decrease the adverse effect of commutation delay based on a dead-beat prediction algorithm. The overall controller scheme has been tested via comparative experimental studies to show its effectiveness under different working conditions. Compared to the existing methods, the obtained results for the output torque have demonstrated improvement with the proposed controller.
